HERMITE POLYNOMIALS RELATED TO GENOCCHI, 
EULER AND BERNSTEIN POLYNOMIALS 



SERKAN ARACI, JONG JIN SEO, AND MEHMET ACIKGOZ 



Abstract. The objective of this paper is to derive some interesting 
properties of Genocchi, Euler and Bernstein polynomials by means of 
the orthogonality of Hermite polynomials. 

2010 Mathematics Subject Classification. 11S80, 11B68. 

Keywords and phrases. Genocchi numbers and polynomials, Euler 
numbers and polynomials, Bernstein polynomials, orhogonality. 



1. Introduction 

The Genocchi, Euler and Bernstein polynomials possess many interesting 
properties and arising in many areas of mathematics. These polynomials 
have been studied by many researcher (see [1-17]). 

Recently, Kim et al., studied on the Hermite polynomials and their ap- 
plications associated with Bernoulli an Euler numbers in "D. S. Kim, T. 
Kim, S. H. Rim and S. H. Lee., Hermite polynomials and their applications 
associated with Bernoulli and Euler numbers, Discrete Dynamics in Nature 
and Society, http://www.hindawi.com/journals/ddns/aip/974632/ (Article 
in Press). They derived some interesting properties of Hermite polynomi- 
als by using its orthogonality properties. They also showed that Hermite 
polynomials related to Bernoulli and Euler polynomials. It is objective of 
this paper to derive for Bernstein, Genocchi and Euler polynomials by using 
same method of theirs. 

We firstly list definition of Euler, Genocchi, Bernstein and Hermite poly- 
nomials as follows: 

The ordinary Euler polynomials are defined by the means of the following 
generating function: 



n! e* + 1 ' 

n=0 

Substituting x = into (pQ), then we have E n (0) := E n , which is called 
the Euler numbers (for details, see PQ, [3], [5], [TO], [HJ and [12]). 
As is well-known, Genocchi polynomials are also defined by 

°° +n n* 

(2) E^W* 



n\ e* + 1' 

n=0 



Similarly, for x = in (|2|) , G n (0) := G n are Genocchi numbers (for details 
about this subject, see [12], [16] and [T7]). 

l 
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Let C ([0, 1]) be the space of continuous functions on [0, 1]. For C ([0, 1]), 
the Bernstein operator for / is defined by 



] — n \ / i — n V / 



k\ ( 7l\ k , \n-k 



,x k {i- x y 

k ! 



k=0 v ' k=0 
where n, k € Z + := {0,1,2,3,...}. Here B^^^x) is called Bernstein 
polynomials, which are defined by 

(3) B k>n (x) = (f) x k (1 - x) n ~ k , x € [0, 1] 



(see H], [I] and [I?]). 



The Hermite polynomials are defined by the generating function as fol- 
lows: 

(4) ^tf n ( x )L = e ^ = e 2^ 2 

n=0 n ' 

with the usual convention about replacing by H n (x) by H n (x). 
The Hermite polynomials have the following properties 

a d n e~ x2 

(5) ffn(a0 = (_i)»^^JL_ 
By (dJ), we have the following 

(6) ^M = 2 nH n ^(x),nGN. 

The Hermite polynomials have the orthogonal properties as follows: 

2 Tl n!y / 7r, if n = m 



/oo f 
e- x2 H n (x)H m (x)dx= I 
-oo L 

By ©> it is not difficult to show that 



0, if n ^ m. 



(8) / e^Vdz 



0, if I = 1 (mod 2) 
^,in = 0( m od2), 



where I S Z+. By ([8]), we can derive the following 
(9) 

/ d n e~ x2 \ I 0, if n > m with n - m = l(mod2) 

\ dx n ) ' ' | ^D^, , if n < m with n - m = 0(mod2). 

We note that (x) , Hi (x) , (#) , H n (x) are orthogonal basis for 
the space V n = {p (x) 6 Q [i] degp (x) < n} with respect to the inner prod- 
uct 

(10) (p(x),q(x))= / e x p(x)q(x)dx. 



For p (x) G "Pn, the polynomial p (x) is given by 

n 

(11) p(a;) = °k H k (?) 



k=0 
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where 

(12) C k = —L_<p( x ), Hh (x)) 

(-D k r°° (d k e~ x ^ 



p (x) dx. 



2 fc /c!y / 7r 7_ oc I dx k 
For more informations of Eqs. (4-12), you can refer to 

2. Main Results 

In this section, we consider families of Bernoulli, Bernstein and Genocchi 
polynomials. Then, we discover novel properties for them. 

Let us take p (x) = G n (x). From (fTT|) . p (x) can be rewritten as 

n 

G n {x) = Y,C k H k {x) 

k=0 

where 

(_l)k roc / d k -x 2 \ 



Now, let us solve ff^ ( ^fpr ) ( x ) dx as follows: 

d fe e 



,2 



G n (x)dx = (-n)(-(n- l))...(-(n- lfe + 1)) / e - * G n _ fc (x) dx 

G n -k-l 



E 



2 ' fe! o<s;- t ("-*-')!2'(a!' 

i = 0(mod 2) 



Thus, we procure the following theorem. 
Theorem 2.1. For n G Z+, we have 



u n {X)-n.2_^ fc , 2^ 

k=0 Z K - 0<Kn-k l n -k-l)U [2)- 



2 k k\ 

l = 0(mod 2) 



Now we consider p (x) = B[ n (x). From (jll|) . we note that, p (x) can be 
rewritten as 

n 

B Un (x) = Y,C k H k (x) 

k=0 

where 

k roc I jfc „— x 2 \ 



Ck = 4^ r \ ^r\D,,,Wd.r 



l^kl^pK J-oo \ dx k 



-l) k n\ 



2 k k\^ l\{n - l)\ 

nl /7 • A (-1) 



o j!(n - Z - j)! ^ cZa;* 



M ^ \ I 

0<j<n-l 

fc-I-j = 0(mod 2) 



(n-Z- j)!2'+J M±f^)! 
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Thus, we have novel properties of Bernstein polynomials with the follow- 
ing theorem. 

Theorem 2.2. For n G Z + and < I < n, we have 

fc-!-j=0(mod 2) ^ ' 

In [10J, Kim et al., derived the following interesting equality: 



n n-1 / 1X 

; — n o— n \ J / 



n-1 



Ei-j + 2\Ej (x) + (n + 1)£„ (x) . 



fc=0 j=0 

We now consider as p(x) = Ylk=o (%) x n ~ k . Then, we compute as 
follows: 



(~l) k { \ £?=o ( n + l ) {" Er=7 Etr-j + 2} [JZ (^) E 3 (x) dx 
2kkl ^\ Hn + l)J^(^)E n {x)dx 

= Jzlt f \ ZU (T) { ~ ^r=7 E^ + 2} [£gf /_» e- 2 ^_ fc (x) dx 
2kkl ^ 1 +(" + Too *- x2 En-k (*) 

After these applications, we easily reach the following 



2^V 3 J I ^ | (j-k)\ ^ \ m ) 2 m + k kl(%)\ 

j=o v J J y i=j J u ; o< m <j-k v 7 n '-V2;- 

m=0(mod 2) 



0<s<n-fc 

=0(mod 2) 



Consequently, we have the following theorem. 
Theorem 2.3. The following identity holds true: 



Hk (x) s-^ (n + l\ I v-^ I j! 



y> Wl - = E^E( J J -E E ^ + 2 ( 

fc=0 k=0 j=0 y J y y l=j < ■■' 

Ef j — k\ ml 
m Pi-*-**; 



0<m<j— 

m=0(mod 2) 



m j 3 m 2 m + k k\ (f )! 

+(n + i)±(-ir k y: ( n k )( n ~ k ) Hk ^ E ^- 

I — n n^^^^_k \ / \ / 



fc=0 0<s<n-k 

E0(mod2) 
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